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Abstract
The construction of so called cotelescopes coTel1(X) for an arbitrary diagram of topological
spaces is proposed, and the explicit relationship of homotopy groups πn(coTel1X) with the appro-
priately defined first derived limit of the corresponding diagram of homotopy groups is established.
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0. Introduction
The concept of cotelescope as a constructive version of homotopy limit for inverse se-
quences appeared in [5]. But, in fact, the cotelescopes were used before in various papers,
for example, in [2] for construction of fibrant extensions. The most general and complete
description of cotelescopes for arbitrary inverse systems, which are used for the study of
coherent homotopy, is given in [6].
The purpose of this paper is to give the direct constructions of cotelescope and derived
limit for arbitrary diagrams of topological spaces and of groups, respectively. These con-
structions lead us to Theorems 1.1 and 2.4, which are well known for the case of inverse
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328 A. Bykov, B. Morales / Topology and its Applications 153 (2005) 327–336sequences, that is for quite special kind of diagrams, and can be found in [1,3]. In [1] also
the definition of lim1 for arbitrary diagram of groups is given, but our approach is slightly
different.
Roughly speaking, the main difference is that, in our definitions of lim1 and coTel1, we
do not take into account the relationships involving more than one morphism. Therefore
we use the notation coTel1 instead of coTel, and, in fact, our cotelescopes can be regarded
more as “generalized” cocylinders rather than homotopy limits. On the other hand, since
the above mentioned theorems remain true, the proposed approach can be apparently used
in the study of various problems concerning inverse limits. To illustrate this, a very simple
example is given at the end of the paper.
The idea of considering throughout the paper diagrams with a given set of generators is
motivated by the natural practical need to diminish the number of morphisms involved in
the constructions.
1. The first derived limit of a diagram of groups
Let C be a category and let X be a diagram of some type T in C. Recall that the diagram
is regarded as a morphism of diagram schemes X :T → C (see, e.g., [4]). Let Λ = Ob(T )
be the set of vertices of X and let Xλ = X(λ) be the object of X at a vertex λ ∈ Λ. A mor-
phism qa = X(a) :Xκ → Xλ of X is assigned to each arrow a :κ → λ of T .
If a :κ → λ is an arrow of the diagram scheme T we put ι(a) = κ and τ(a) = λ.
Let S be a subscheme of T such that Ob(S) = Ob(T ) and each morphism X(a) of the
diagram X is a composition of morphisms of the diagram X|S :S → C. The scheme S will
be called the scheme-generator of X and the set M = Mor(S) of arrows of S will be called
the set of generators of X.
In fact, throughout the paper we shall consider diagrams of some type T with the set of
generators M or more formally with the scheme-generator S. We say that these diagrams
are of the type (T ,M).
In a usual way one can consider the category CT ,M of diagrams of the type (T ,M) in C:
morphisms of this category f : X → Y are families {fλ}λ∈Λ of morphisms fλ :Xλ → Yλ of
C such that for each arrow a :κ → λ the diagram
Xκ
X(a)
fκ
Yκ
Y(a)
Xλ
fλ
Yλ
commutes.
Now let X be a diagram of some type (T ,M) in the category of groups Gr.
Consider a right action  of the group G =∏λ∈ΛXλ on the set XM =∏d∈M Xτ(d)
(xτ(d))  (gλ) =
(
gτ(d)
−1xdqd(gι(d))
)
,
where xd ∈ Xτ(d), (xd) ∈ XM , (gλ) ∈ G, qd = X(d).
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as the set of orbits, that is the orbit space, of the above mentioned action , i.e.,
lim1M X = XM/G.
Let eλ be the identity element of the group Xλ for each λ ∈ Λ. We shall treat the derived
limit as a pointed set (lim1M X, [(eτ(d))]), where [ ] indicates the corresponding orbit.
Note that the isotropy group Ge = {(gλ) ∈ G | e  (gλ) = e} of the point e = (ed) ∈ XM ,
where ed = eτ(d), is the inverse limit of X,
lim X = Ge,
because lim X = {(gλ) ∈∏λ∈Λ Xλ | qd(gι(d)) = gτ(d) for every d ∈ M}.
In a usual way, lim1 can be regarded as a functor from the category of diagrams GrT ,M
to the category of pointed sets: for f : X → Y the function f˜ = lim1 f : lim1M X → lim1M Y
is defined by f˜ ([(xd)]) = [fτ(d)(xd)].
Clear, that for inverse sequences {Xi, qji } the construction of lim1 given above coincides
with the usual one if we take {i + 1 → i | i ∈ N} as the set of generators.
Example. We are going to describe lim1 of the following diagram G of groups:
G2
f2
G1
f1
G0
In this case M = {1 → 0, 2 → 0}. The group G0 ×G1 ×G2 acts on GM = G0 ×G0 by
(x′0, x′′0 )  (g0, g1, g2) =
(
g−10 x
′
0f1(g1), g
−1
0 x
′′
0f2(g2)
)
.
Consider also the following action ∗ of G1 ×G2 on G0:
x0 ∗ (g1, g2) =
(
f2
(
g−12
)
x0f1(g1)
)
.
Notice that the function ϕ :G0 × G0 → G0, ϕ : (x′0, x′′0 ) → (x′′0 )−1x′0, induces bijection of
the corresponding orbit spaces:
GM/G0 ×G1 ×G2 → G0/G1 ×G2.
Hence
lim1 G = G0/G1 ×G2 (the action ∗).
The orbits of this action are of the form f2(G2)x0f1(G1), x0 ∈ G0. So, in particular, if the
subgroup f2(G2) is normal in G0, then the first derived limit is the set of right cosets of
H = f1(G1)f2(G2) in G0:
lim1 G = G0/H.
Theorem 1.1. Let
0 → G′ j→ G k→ G′′ → 0
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generators for this type. Then there is a natural exact sequence
∗ → lim G′ j→ lim G k→ lim G′′ δ→ lim1M G′
j˜→ lim1M G k˜→ lim1M G′′ → ∗,
where j = lim j, k = lim k, j˜ = lim1 j, k˜ = lim1 k and the connecting function δ is defined
by δ(g′′λ) = [(j−1τ(d)(h−1τ(d)qd(hι(d))))] for any (hλ) ∈
∏
λ∈Λ Gλ such that (kλ(hλ)) = (g′′λ).
In fact, this theorem is a corollary of the given further Lemma 1.2.
Let Y be a set with a right action of some group G and let fix y0 ∈ Y . In this case we
say that (G,Y, y0) is a pointed transformation group. We consider the category of pointed
transformation groups and equivariant maps. An equivariant map (α,f ) : (G,Y, y0) →
(G′, Y ′, y′0) consists of the group morphism α :G → G′ and the function f : (Y, y(0)) →
(Y ′, y′0) such that f (yg) = f (y)α(g) for any y ∈ Y , g ∈ G. A sequence of pointed trans-
formation groups and equivariant maps
(H,Y ′, y′0)
(α,u)−→ (G,Y, y0) (β,v)−→ (G,Y ′′, y′′0 )
is exact in (G,Y, y0) if Imα = Kerβ and Imu = v−1(y′′0 ).
The following is an equivariant version of the so called “snake lemma”.
Lemma 1.2. Let
∗ → (H,Y ′, y′0)
(α,u)−→ (G,Y, y0) (β,v)−→ (F,Y ′′, y′′0 ) → ∗
be an exact sequence of pointed transformation groups. Then there is a natural exact se-
quence of pointed sets
∗ → Hy′0
α∗→ Gy0
β∗→ Fy′′0
δ→ Y ′/H u∗→ Y/G v∗→ Y ′′/F → ∗,
where α∗, β∗, u∗, v∗ are naturally induced by (u,α), (v,β) and the connecting map δ is
defined by δ(f ) = (u−1(y0g))H for any g ∈ β−1(f ).
Note that the connecting map δ is well defined. Indeed, if g ∈ β−1(f ) for f ∈ Fy′′0 ,
then v(y0g) = v(y0)β(g) = y′′0β(g) = y′′0 , so, by the exactness of the sequence, there is
the unique y′ ∈ Y ′ such that u(y′) = y0g, i.e., y′ = u−1(y0g). If we take any other g1 ∈
β−1(f ) and y′1 = u−1(y0g1), then g−1g1 ∈ Kerβ and therefore g−1g1 = α(h) for some
h ∈ H . Hence y′h = y′1, because u(y′h) = u(y′)α(h) = y0gg−1g1 = u(y′1), and we have
(u−1(y0g))H = (u−1(y0g1))H .
We omit the rest of the quite routine proof of the lemma.
Proof of Theorem 1.1. Note that the exactness of the given sequence of diagrams of
groups implies the exactness of the sequences
0 →
∏
G′λ
(jλ)−→
∏
Gλ
(kλ)−→
∏
G′′λ → 0
λ∈Λ λ∈Λ λ∈Λ
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0 →
∏
d∈M
G′τ(d)
(jτ(d))−→
∏
d∈M
Gτ(d)
(kτ(d))−→
∏
d∈M
G′′τ(d) → 0.
The map ((jλ), (jτ(d))) is equivariant with respect to the actions  involved in the definition
of lim1, because
(jτ(d))
(
(x′τ(d))  (g′λ)
)= (jτ(d)(g′−1τ(d)x′τ(d)q ′d(g′ι(d))))
= ((jτ(d)(g′τ(d)))−1jτ(d)(x′τ(d))jτ(d)q ′d(g′ι(d)))
= ((jτ(d)(g′τ(d)))−1jτ(d)(x′τ(d))qdjι(d)(g′ι(d)))
= ((jτ(d))(x′τ(d))  (jλ)(g′λ)).
Similarly the map ((kλ), (kτ(d))) is equivariant.
Thus we can apply Lemma 1.2 to this case of exact sequence of pointed transformation
groups. As a result of this application we get the required exact sequence, taking into
account that for the actions  the isotropy groups are inverse limits and the orbit spaces are
first derived limits. 
Remark. Note that in general lim1M X = lim1M ′ X for M = M ′.
Indeed, consider the following commutative diagram G of groups:
G1
f01
G0 G2
f02
f12
Take M = {1 → 0, 2 → 1, 2 → 0}, M ′ = {1 → 0, 2 → 1}. Then lim1M X is the orbit space
of the action of G0 ×G1 ×G2 on GM = G0 ×G0 ×G1 given by
(x′0, x′′0 , x1)  (g0, g1, g2) =
(
g−10 x
′
0f01(g1), g
−1
0 x
′′
0f02(g2), g
−1
1 x1f12(g2)
)
.
So, if the morphism f01 is trivial and G0 = ∗, then we have the orbit[
(e0, e0, e1)
]= {(g−10 , g−10 , g−11 f12(g2)) | (g0, g1, g2) ∈ G0 ×G1 ×G2} = GM
where e0, e1 are identity elements in G0,G1. Hence lim1M X = ∗, but it is easy to see that
lim1
M ′ X = ∗.
Notice also that here it can be seen the difference between our definition of lim1
and one given in [1]: to get that definition one should consider the same action, but
in the set Z(GM) ⊂ GM consisting of those (x′0, x′′0 , x1) which satisfy the condition:
f (x1)(x
′′)−1x′ = e0.0 0
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Let f :X1 → X0 be a continuous map of topological spaces. Recall that the cocylinder
X˜01 = coCyl(f ) of the map f is the inverse limit of the diagram X1 f→ X0 p1← XI0 , where
p1(w) = w(1), that is there is the pull-back diagram
X˜01
t
f ′
XI0
p1
X1
f
X0
So we have
coCyl(f ) = {(w,x) ∈ XI0 ×X1 | w(1) = f (x)},
t (w,x) = x, f ′(w,x) = w.
The map f :X1 → X0 can be factorized as X1 s→ X˜01 p→ X0, where
(a) p is a fibration, defined by p((w,x)) = w(0), (w,x) ∈ X˜01,
(b) s, defined by s(x) = (cf (x), x), x ∈ X1, imbeds X1 in X˜01 as a strong deformation
retract.
Note that t is a fibration, t ◦s = idX1 , and there is a fiber homotopy s◦ t t idX˜01 rel s(X1).
Proposition 2.1. The map p˜ : X˜01 → X0 ×X1 in the commutative diagram
X˜01
p
p˜
tX0 ×X1
pr0 pr1
X0 X1
that is the map, defined by p˜(x˜) = (p(x˜), t (x˜)), is a fibration.
Let (x0, x1) ∈ X0 × X1 be such that f (x1) = x0 and let F = p˜−1(x0, x1). Then
F = Ω(X0, x0) × {x1}, where Ω(X0, x0) is the loop space of X0 at x0, and so π0(F ) =
π1(X0, x0). The natural right action  of the group π1(X0 ×X1, (x0, x1)) = π1(X0, x0)×
π1(X1, x1) on π0(F ) is given by([σ0], [σ1])  [w0] = [σ0]−1[w0]f#([σ1]),
where f# = π1(f ) :π1(X1, x1) → π1(X0, x0).
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X˜01
(p,t)
f ′
XI0
(p0,p1)
X0 ×X1(idX0 ,f )X0 ×X0
Therefore p˜ = (p, t) is a fibration, because (p0,p1) :w → (w(0),w(1)) is a fibration [7,
Chapter 2, Section 8.3].
Let σ = (σ0, σ1) ∈ Ω(X0, x0)×Ω(X1, x1) and let (w0, x1) ∈ F .
A lift σ˜ : I → X˜01, σ˜ : t → (ηt , yt ), of the path σ which satisfies the conditions σ˜ (0) =
(w0, x1) and p˜ ◦ σ˜ = σ can be defined by
ηt (s) =
{
σ0(t − 3s), 0 s  t/3,
w0((3s − t)/(3 − 2t)), t/3 s  1 − t/3,
f (σ1(3s + t − 3)), 1 − t/3 s  1
and yt = σ1(t). Hence σ˜ (1) = (σ−10 ∗ w0 ∗ (f ◦ σ1), x1), where ∗ denotes composition of
paths, and therefore the action  is defined as it was required. 
Let X be a diagram of type (T ,M) in the category Top of topological spaces and con-
tinuous maps, and let S ⊂ T be a scheme-generator of X, such that M = Mor(S).
We modify the diagram X|S :S → Top replacing, for every d ∈ M , d :κ → λ, the map
qd = X(d) :Xκ → Xλ by two maps—pd and td as it is shown in the diagram
X˜d
pd td
Xλ Xκ
where X˜d = coCyl(qd) and the maps pd , td are the above mentioned fibrations assigned to
the cocylinder.
As a result of this modification we obtain a new diagram denoted by X˜M .
The first cotelescope of the diagram X with respect to the set of generators M , denoted
by coTel1M X, is defined as the inverse limit of the diagram X˜M :
coTel1M X = lim X˜M.
Similarly it is defined coTel1M(X,x) for a pointed diagram (X,x), that is for the diagram
in the pointed category Top•.
Note that the type K of the diagram X˜M can be described as follows: Ob(K) = Λ∪M ,
Mor(K) = {d → τ(d), d → ι(d) | d ∈ M}.
The explicit representation of coTel1M X can be given by
coTel1M X =
{(
(yλ), (wd, yι(d))
) ∈ ∏
λ∈Λ
Xλ ×
∏
d∈M
(
XIτ(d) ×Xι(d)
) |
wd(0) = yτ(d), wd(1) = qd(yι(d)) for every d ∈ M
}
.
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(a) the natural projections q˜k : coTel1M X → Xk , k ∈ Λ∪M , are fibrations,
(b) the map q˜ : coTel1M X →
∏
λ∈ΛXλ, q˜(y) = (q˜λ(y)) is a fibration.
Proof. Let X˜ = coTel1M X.
(a) Since pd, td are fibrations, it is enough to prove that for a ∈ M the projection q˜a : X˜ →
X˜a is a fibration.
Let H :Z × I → X˜a , h :Z × 0 → X˜ be such that q˜ah = H |Z×0. We must find H˜ :Z ×
I → X˜ so that q˜aH˜ = H and H˜ |Z×0 = h.
For everyλ ∈ Λ we define H˜λ :Z × I → Xλ by
H˜λ(z, t) =
{
paH(z, t), λ = τ(a),
taH(z, t), λ = ι(a),
q˜λh(z), λ = ι(a), τ (a).
For every d ∈ M , d = a there is a map H˜d :Z × I → X˜d with (pd, td)H˜d =
(H˜τ(d), H˜ι(d)) and H˜d |Z×0 = q˜dh, because, according to Proposition 2.1, p˜d =
(pd, td) is a fibration. Finally, putting H˜a = H , we get the family of maps {H˜k}k∈Λ∪M
—the cone over X˜M which induces the required map H˜ .
(b) Let H :Z × I →∏λ∈ΛXλ,h :Z × 0 → X˜ be such that q˜h = H |Z×0.
For every λ ∈ Λ let H˜λ = prλ H , where prλ :
∏
λ∈ΛXλ → Xλ is the natural projection.
Then for all d ∈ M we find maps H˜d :Z × I → X˜d with (pd, td)H˜d = (H˜τ(d), H˜ι(d))
and H˜d |Z×0 = q˜dh as well as we did in (a), using Proposition 2.1. The obtained fam-
ily of maps {H˜k}k∈Λ∪M determines the map H˜ :Z × I → X˜ such that q˜H˜ = H and
H˜ |Z×0 = h. 
Proposition 2.3. Let (X,x) be a diagram of the type (T ,M) in the category Top•. For the
fibration q˜ : coTel1M X →
∏
λ∈ΛXλ, the fiber F = q˜−1(x), where x = (xλ) and {xλ}λ∈Λ =
x, can be represented as
F = (xλ)×
∏
d∈M
(
Ω(Xτ(d), xτ(d))× xι(d)
)≈ ∏
d∈M
(
Ω(Xτ(d), xτ(d))
)
.
Therefore π0(F ) =∏d∈M π1(Xτ(d), xτ(d)).
The natural right action  of π1(∏λ∈Λ(Xλ,xλ)) =∏λ∈Λ π1(Xλ, xλ) on π0(F ) is given
by ([σλ])  ([wd ])= ([στ(d)]−1[wd ]qd#([σι(d)])),
where qd# = π1(qd) :π1(Xι(d), xι(d)) → π1(Xτ(d), xτ(d)).
So the corresponding orbit space is lim1M π1(X,x).
Proof. The given formulae for F can immediately be obtained from the explicit represen-
tation of coTel1.
Let (σλ) ∈∏λ∈ΛΩ(Xλ,xλ) and let (wd, xι(d)) ∈ F . For every d ∈ M we find σ˜d : I →
X˜d so that σ˜d (0) = (wd, xι(d)) and (pd, td) ◦ (σ˜ ) = (στ(d), σι(d)) with σ˜d (1) = (σ−1 ∗τ(d)
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λ ∈ Λ, we get the family of paths {σ˜k}k∈Λ∪M , which determines a path σ˜ : I → coTel1M X,
satisfying the conditions σ˜ (0) = (wd, xι(d)) and q˜ ◦ σ˜ = (σλ). Regarding the path compo-
nent of F containing σ˜ (1) as an element of π0(F ) = ∏d∈M π1(Xτ(d), xτ(d)), we get its
representation in the form ([στ(d)]−1[wd ]qd#([σι(d)])). 
Theorem 2.4. Let (X,x) be a diagram of pointed topological spaces. Let M be the set of
generators of the diagram. Then there is a natural exact sequence
∗ → lim1M πn+1(X,x) → πn
(
coTel1M(X,x)
)→ limπn(X,x) → ∗
for every n 0.
Proof. First we will prove the theorem for the case n = 0.
Recall that for any fibration p : (E, e) → (B,b) and its fiber F = p−1(b) one can con-
sider the following exact sequence of pointed sets:
∗ → π0(F, e)/π1(B,b) i#−→ π0(E, e) p#−→ p#
(
π0(E, e)
)→ ∗,
where π0(F, e)/π1(B,b) is the orbits space for the natural right action of π1(B,b) on
π0(F, e), i# is induced by the inclusion i :F → E.
Applying this fact to the fibration q˜ : coTel1M X →
∏
λ∈ΛXλ, we get the desired exact
sequence
∗ → lim1M π1(X,x) → π0
(
coTel1M(X,x)
)→ limπ0(X,x) → ∗,
using Proposition 2.3 and observing that (yλ) ∈ Im(q˜) if and only if for every d ∈ M there
is a path wd : I → Xτ(d) such that wd(0) = yτ(d) and wd(1) = qd(yι(d)). Hence
π0
(
coTel1M(X,x)
)= {([yλ]) ∈ ∏
λ∈Λ
π0(Xλ, xλ) | π0(qd)[yι(d)] = [yτ(d)]
}
= limπ(X,x).
In order to finish the proof, that is to show that the theorem is also true for all n > 0,
we must notice that the functors Ω and lim commute. Moreover, the functors Ω and
coTel1 commute too. In particular, Ω(coTel1M(X,x)) = coTel1M Ω(X,x) and therefore
πn(coTel1M(X,x)) = πn−1(coTel1M Ω(X,x)).
The commutativity of Ω and coTel1 is a consequence of commutativity of Ω and
the functor −I which is established by using for every topological space B the homeo-
morphism χB :Ω(BI ) → (ΩB)I , χ :σ → σˆ defined by σ(s)(t) = σˆ (t)(s). Note that the
following diagram commutes:
Ω(BI )
Ω(p)
χB
(ΩB)I
pˆ
ΩB ×ΩB
where p(w) = (w(0),w(1)), pˆ(σˆ ) = (σˆ (0), σˆ (1)). This implies that Ω and the functor
coCyl commute and hence Ω and coTel1 also commute. 
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X2
q2
X1
q1
X0
In this case M = {1 → 0, 2 → 0} and
X˜ = coTel1M X =
{(
(y0, y1, y2), (w1, y1), (w2, y2)
) |
w1(0) = y0, w1(1) = q1(y1), w2(0) = y0, w2(1) = q1(y2)
}
= {(w1, y1,w2, y2) | w1(0) = w2(0), w1(1) = q1(y1), w2(1) = q2(y1)}
where yi ∈ Xi , w1,w2 ∈ XI0 .
The same can be seen in the diagram
X˜
q˜01 q˜02
X˜01
t1 p1
X˜02
p2 t2
X1 X0 X2
where the upper square is pull-back, X˜01, X˜02 are cocylinders of q1, q2 and p1,p2, t1, t2
are fibrations assigned to these cocylinders.
In particular, if q1, q2 are fibrations, then there are fiber (with respect to p1 and p2)
strong deformations of X˜01 and X˜02 onto X1 and X2 (obviously, one can assume that
X1 ⊂ X˜01, X2 ⊂ X˜02). These deformations induce a strong deformation of X˜ onto the pull-
back of the given diagram X, i.e., onto lim X. Passing to the pointed case and supposing
that X1 and X2 are path connected, we get by Theorem 2.4, that π0 (pull-back of X) =
lim1(π1(X)). The derived limit of this type of diagram was described in the example of
Section 1.
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